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Abstract 

Above the 1300 K transition and in the defect fluorite 
phase, there is diffuse X-ray scattering which is similar 
for both Ca- and Y-stabilized zirconias. This is largely 
due to ionic displacements from the average structure, 
principally oxygen ions displaced locally in (100) 
directions. It has been proposed that some of this 
scattering is due to fine precipitates of Z r C a a O  9 or  
Z r Y 4 0 9 .  The quantitative analysis of this diffuse 
scattering reported here does indeed indicate some 
similarities to this phase; in particular the stabilizing 

_ _  

ions form rods in the (332) directions similar to those 
in the precipitate. However, in this compound the 
stabilizing ion is a second neighbor to an oxygen-ion 
vacancy, whereas the present results indicate that these 
tend to be first neighbors. This is the first direct evi- 
dence for this association in these materials. This prob- 
ably occurs to reduce local distortions and to provide 
local charge balance. It is concluded that the diffuse 
intensity is from locally ordered regions, not pre- 
cipitates. 

Introduction 

Calcia- and yttria-stabilized zirconias are well known 
solid electrolytes that exhibit fast anion conduction 
above 1300 K. In the stabilized cubic phase field, both 
materials have the fluorite structure (Etsell & Flengas, 
1970; Roth, 1975). The high ionic conductivity is 
clearly related to the creation of oxygen vacancies. 
(The substitutional addition of C a  2+ o r  y3+ for Zr 4+ 
produces oxygen vacancies to maintain charge 
neutrality.) In contrast to the stabilized phases, pure 
Z r O  2 exhibits the cubic fluorite structure only above 
2600 K. Below this temperature, Z r O  2 transforms to a 

* Present address: Toyohashi University of Technology, 
Toyohashi-shi, Aichi 440, Japan. 

tetragonal phase (Teufer, 1962; Smith & Newkirk, 
1965). 

For stabilized zirconia, there currently seem to be 
two different interpretations of the transformation at 
1300 K. Either cooperative displacements of the 
oxygen ions take place, or the ordering of cations, 
anions and vacancies (Carter & Roth, 1963; Steele & 
Fender, 1974; Allpress & Rossell, 1975; Allpress, 
Rossell & Scott, 1975; Hudson & Moseley, 1976, 
1978; Faber, Mueller & Cooper, 1978). 

Employing primarily neutron diffraction with pow- 
ders of Zr(Ca)O2_ x, Carter & Roth (1963, 1968) 
concluded that even in the disordered state of stabilized 
zirconias there are displacements of the oxygen ions 
(0.2-0.3 A) from the ideal positions in the fluorite 
structure; these were reported to be in (111 ) directions 
and the authors inferred that the 1300 K transition was 
due to the establishment of cooperative long-range 
motions in these directions. However, Steel & Fender 
(1974) (with similar procedures) reported oxygen 
displacements in (100) directions in disordered 
Zr(Y)O2_ x. Employing neutrons and single crystals, 
Faber, Mueller & Cooper (1978) found that in the 
ordered phase of both Ca- and Y- stabilized zirconias 
the oxygen ions were displaced periodically in (100) 
directions. In part I of this study (Morinaga, Cohen & 
Faber, 1979), X-rays and single-crystals were em- 
ployed and oxygen-ion displacements in (100) direc- 
tions were found in both materials, even above the 1300 
K transition. These are of the same magnitude as those 
associated with the cubic to tetragonal transition at 
2600 K in pure Z r O  2 (Teufer, 1962; Smith & Newkirk, 
1965). 

However, the 1300 K transition in the stabilized 
zirconias is quite sluggish and therefore clearly involves 
the cations, whose diffusivities are five orders of 
magnitude lower than those for the anions (Estell & 
Flengas, 1970). In fact, based on the location of 
(diffuse) scattering in electron diffraction patterns (in 
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addition to the spots from the fluorite phase), Allpress 
& Rossell (1975) and Allpress, Rossell & Scott (1975) 
suggest that domains of CaZr40 9 approximately 30/k 
in size are embedded in the matrix of the disordered 
state of the calcia-stabilized zirconias. For this analysis, 
its structure was assumed to be that of CaHf40 9, as the 
corresponding Zr phase has not yet been studied in 
bulk form. In fact, Carter & Roth (1963, 1968) had 
earlier suggested some small precipitate as one possible 
source of some of the diffuse scattering observed in 
their study of the disordered phase. 

In this investigation, quantitative measurements have 
been made of the diffuse X-ray intensity scattered by 
single crystals of disordered Ca- and Y-stabilized 
zirconia. Short-range-order parameters and displace- 
ments have been evaluated, and from these both the 
ionic arrangements and displacements in the disordered 
phase have been clarified. 

Experimental procedures 

The 4-5% variation of beam intensity over the 
measuring times of 3--4 weeks for each crystal was 
monitored and corrected by making counts vs 106 
counts in a second detector. This monitor channel 
recorded the fluorescent intensity produced by the 
incident beam on passing through a thin Co foil before 
the specimen, which attenuated the beam by approxi- 
mately 12%. The power of the direct beam, Po = 4.0 (2) 
× 1 0  7 nz,  was determined by measuring the diffracted 
intensity from an A1 powder briquette (Batterman, 
Chipman & DeMarco, 1961). 

Under the same conditions, the scattering from the 
air path and electronic noise were measured as a 
function of scattering angle (20) by replacing the 
specimen with a Pb beam trap. With Zr(Y)O2_ x this 
was 0.06 Hz. The effects of surface roughness were 
determined following de Wolff (1956). The Zr Ka and 
Y Ka produced by Mo Ka were measured and 
normalized to the values at high 20. The correction was 
at most 2% (at 30 ° 20). All data were also corrected 
for the measured dead time (Schwartz & Cohen, 1977). 

Materials 

The growth and analysis of the Zr0.850Ca0.1500~.850 
and Zr0.786Y0.2t4Ov893 crystals are described in part I. 
After holding them in air at 1673 K for 2.5 h, they 
were cooled rapidly by turning off power to the 
furnace. At 1523 K they were removed from the 
furnace to increase the cooling rate and preserve the 
disordered state (see part I for checks of this fact). 
These crystals had plate-like geometry and were larger 
than the X-ray beam. 

Diffraction techniques 

The crystals were held in a vacuum attachment to a 
GE quarter-circle goniostat (at 1.3-2.7 Pa); the cover 
was a thin Be hemisphere. Measurements were carried 
out on an automated GE XRD-5 diffraetometer 
(Schwartz, Morrison & Cohen, 1963) which was 
equipped with adjustable receiving and scatter slits for 
the diffracted beam. The incident beam was Cu Ka 
radiation (40 kV, 20 mA) from a pyrolytic graphite 
monochromator bent to focus in the vertical direction 
at the receiving slit. The beam divergences obtained by 
measurement of a 200 Bragg reflection from a cleaved 
LiF crystal, w e r e  zJhhorlzontal  = 0.06 and zlhvert leal  = 
0.08 r.l.u. 

For Zr(Y)O2_x, intensities were measured with a 
scintillation detector equipped with a pulse-height 
analyzer (set to accept 90% of the Cu Ka). Balanced 
filters of Ni and Co were also employed (Morinaga & 
Cohen, 1979) to minimize contributions from 
fluorescence and the 2/2 component. With 
Zr(Ca)Oz_x, an intrinsic Ge detector was used with a 
500 eV window (which reduced the measurement time). 

Scattering theory 

Hayakawa & Cohen (1975) have derived general 
equations for the diffuse scattering from materials with 
multiple sublattices, including up to quadratic terms in 
atomic displacements. 

The total coherent diffuse scattering intensity, Io, in 
Laue units is given by 

Io(h)/ILM(h) = IsRo(h) 

+ h 1 Qx(h) + h 2 Qr(h) + h 3 Q,(h) 

+ h ~, R~(h) + h~ R,(h) + h] gz(h) 

+ h I h2 Sxy(h) + h 2 h3 Syz(h) 

+ h 3 h 1 Szx(h), (1) 

where h ---- (hl,h2,h3) and ha, h2 and h 3 are continuous 
variables in reciprocal space. The term/Era is the Laue 
monotonic scattering due to a random array of defects 
without displacements. 

In (1), the first term on the right-hand side is the 
short-range-order intensity [Isao(h)], the next three 
terms are the size-effect scattering due to average 
interatomic displacements (whose components are in a 
direction indicated by the subscript) and the remaining 
terms are the first-order thermal diffuse scattering 
(TDS) plus Huang (1947) scattering, due to mean- 
square static displacements). 

ISRO(h) = Z Z ~.-dlmn COS 2zc(hll + h2m + h3n), (2a) 
l m n 

Q x ( h ) = - Z  Z Z Y~:,nn sin 2z~(h~l + h2m + h3n), (2b) 
l m n 
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R x ( h ) =  ~ ~. ~ 3~,nn COS 2x(h l l  + h2m +han),  (2c) 
! m n 

Sxy(h) = Z ~. ~ -xYEtm, cos 2zr(hll + h2m + h3n), (2d) 
1 rn n 

with similar definitions for Qy(h), Ry(h), Sy,(h),  Q,(h), 
R~(h) and S,x(h).  The ( l m n )  are interatomic vectors 
defined by 

rtm. = la 1 + ma 2 + na  3, (3a) 

where a 1, a 2 and a 3 are the usual cubic axes in real 
space. The diffraction vector k is given in terms of  the 
axes b t in reciprocal space: 

k = 2n(S -- So)/2 = 2n (h lb  t + h2b 2 + h3b3), (3b) 

where S and S o are unit vectors in the directions of the 
scattered and incident beams,  respectively, and 2 is the 
wavelength of X-rays.  

The coefficients in the series (2) are weighted 
averages of vectors spanning different sublattices. For  
example, the short-range-order  parameters  a-~,,,, are 
made  up of  terms involving 

a ~ ( l m n )  = 1 -- pU.~./x Jr, (4) 

x~ denotes the sublattice fraction of  the j t h  component  
on the vth sublattice, and P~v is the condit ional  
probabil i ty of  finding j - type  atoms on the vth sub- 
lattice, separated by vector rtm n from an i a tom on the 
p th  sublattice. The fluorite structure is shown in Fig. 1. 
The various sublattices in Zr (Ca)Oz_x  and Zr(Y)Oz_ x 
are given in Table 1. For  m3m symmetry ,  sites labelled 

te t rahedral  1 and 2 are equivalent. The f.c.c, sites (F)  
are occupied by cations [Zr and Ca  (or Y)] with oxygen 
ions in te t rahedral  sites. The tetrahedral  sites are 
indicated by a T. The three types of  interatomic vectors 
are given in Table 2, which also illustrates the 
sublattices that  are spanned for each type of  vector. 
With these tables and the known concentra t ions  of  
defects, the equat ions for the coefficients in (2) can be 
readily derived following H a y a k a w a  & Cohen  (1975) 
and are summarized in Tables 3 and 4. 

The X, Y, Z refer to the components  of  the 
interatomic displacements  from average sites of  species 
i on p , j  on v. Thus,  

x X/j  lrnn GC ( u v ) '  (5a) 
- 

(~[mn OC ( X i u  X ~ ) ,  (5b) 
- XY ElmnC~ ( X i ~  Y { ) .  (5c) 

Table 2. The three types o f  interatomic vectors and  the 
corresponding sublattice pairs f o r  the f luorite structure 

Type of lmn 

1. l,m,n all [2p]/4 
l + m + n = [4q]/4 

2. l,m,n all [2p]/4 
l + m + n = [4q + 2]/4 

3. l,m,n [2p + 11/4 

Possible sublattice pairs 

f.c.c.-f.c.c., tet 1-tet 1, 
tet 2-tet 2 

tet 1-tet 2, tet 2-tet 1 

f.c.c.-tet 1, f.c.c.-tet 2, 
tet l-tic.c, tet 2-f.c.c. 

Table 3. Laue  monotonic scattering and 6t,,, . f o r  the 
f luorite structure 

• t 

• Cation 

Anion 

Fig. 1. The fluorite structure. 

The scattering factorsf~ in this table include the temperature factors, 
which were taken from part I of this study. M = Zr, N = Ca(Y). 

Laue monotonic M N 2X o go 2 xF xAA,  f~)2 + - Xr f o  

alton 

Type 1 

Type 2 

Type 3 

XFM X F ( f  -- 1" ~2¢1¢MN + 2X o xVo r2 aOVO JN] "~FF JO T T  

X~ x~(fM- fN) 2 + 2X o XrVO f o2 

2x o xVO r2 aOVO JO ~ T T  

x M x~(f  M _ f N ) 2  + 2x o xrZOfo2 

4fo(fM- fN)~.U ,.Vo,~MVO ~F "'T ~'FT 

x M xg( f  M _ fN)2 + 2xOr xrVO fo2 

Table 1. Sublatt ice fract ions and sublattice vectors f o r  the f luorite structure 

Zr0.ssoCa0.tsoOvss0; a = 0.150, b = 0.075. Zr0.Ts6Ca0.214Ovsg3;  a = 0-214, b = 0.0535. 

Sublattice fractions 
Type of Sublattice 

sublattice vector M = Zr N = Ca(Y) O Vacancy 

f.c.c. 0,0,0 x M = I - a x~r --- a x ° = 0 x v° = 0 
V O _ _  b Tetrahedral 1 1/4,1/4,1/4 xM1 = 0 X~I = 0 xO~ = 1 -- b xr~ -- 

= vo_ b Tetrahedral 2 3/4,3/4,3/4 xr~2 = 0 xNr2 = 0 x°2 1 - b Xr2 - 
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Here, X~,  = X~ - X~, where X~ is the displacement 
along the x direction of the ith atom on the ~tth 
sublattice. 

The parameters a, y, J, ~ were determined by a 
least-squares fit to (1) (Williams, 1972). This method is 
especially suitable for systems with more than one 
sublattice, as in this study. Separating the various 
components by their different symmetries (Borie & 
Sparks, 1971) requires large volumes in reciprocal 
space (e.g. Hayakawa  & Cohen, 1975) and in such 
volumes the variations in the scattering-factor terms in 
Tables 3 and 4 are not sufficiently small to utilize this 
procedure. The least-squares procedure has been used 
successfully in previous studies of oxides (Terauchi & 
Cohen, 1979; Morinaga & Cohen, 1979). The region of 
measurement in this study is illustrated in Fig. 2. This 
volume was chosen to be as compact as possible to 
minimize variation in the scattering factors, and to 

avoid 20 < 30 °, where the beam was larger than the 
specimen. 

Data  were obtained at intervals Ah  -- 0-1, the total 
number of points actually sampled being 3100 for 
Zr(Y)O2_ x and 3300 for Zr(Ca)O2_ x. The number of 
parameters tried in the fit was 50-110;  this will be 
discussed further with the results. 

The atomic scattering factors fzr, fca and ./~ were 
taken from I n t e r n a t i o n a l  T a b l e s  f o r  X - r a y  

C r y s t a l l o g r a p h y  (1974) assuming that the ionic states 
are Zr 4+, Ca 2+ and y3+. The value of fo was taken 
from Tokonami (1965) assuming that the ionic state is 
02-.  An anomalous dispersion correction for Cu K a  

radiation was taken into account for all the elements 
( I n t e r n a t i o n a l  T a b l e s  f o r  X - r a y  C r y s t a l l o g r a p h y ,  

1974). 
The Compton modified scattering was taken from 

Cromer (1969) and subtracted after correcting for the 

- zxy o r  t h e f l u o r i t e  Table 4. ~)~mn, (~mn a n d  Olmnfi s t r u c t u r e  

0 vo 2 .  L = x M Xl~(fM -- fs) 2 + 2X r X r fo,  M = Zr, N = Ca(Y). 

The scattering factorsf~ in this table include temperature factors, taken from part I of this study. 

_ ~ Type I 2n 

Y'Tmn Type 2 __ [2xrO f~(xO + ..Vo..OVoV ~rr ,x'" rr 
L 

Type 3 0 

- x y  
F, Iran 

27t 
f o ( X r  + >l f u (Xv  + xFaFF)(XFF > + xv f~ (xv  + XFaFF)<XFP> + --r tlTT I \~TT _ _ I x  M 2 M N &IN MM N 2 N M NM NN 2x o 2 o ,.vo_ovox/ v o o  

L 

47g 2 
Type 1 

L 
_ _  u MS U u S 2 U M SU u 2xr °~o( x ° + x r  urr , \XrXr> [x,g f2u(xg + XFaVv)<X v XF ) + Xv fu (X  v + xvavv )<XvX~> + vo_ovox/ o o 

M N MN M N N M + xv xv fM fs( 1 - a r v ) ( X v  XF> + XFXF f g f s (  1 --a~v~)(X~Xg> l 

Type 2 
8/~ 2 

L 
[xOr 2 o ,.vo,~ovovyo yo>] 

- -  f o ( X r  + m r  ~ r r  I X ' "  r "" r 

Type 3 
87~ 2 

L 
MO M NO N 0 - a ~ ) < x ~  x~> _ _ [ x ~ X O  fM f o ( l _ a v r ) ( X F  XO) + xt~xO f s f o ( l  _ a v r ) ( X r X r )  + xOxg  fofM(1 OM 0 

- a ° D <  x ~  xg>] + x ° xT~ f o f A 1  o o 

Type 1 
87~ 2 

L 
- -  [x'~ f~(x '~  + x~ag~) (X~  Y~) + x~ f 2 ( x g  + x~a~p~)(X~ Y~) + 2x ° f ~ ( x  ° + xV°a°V°)<X° yo) 

M N M M N N + x r xv fM fs( 1 --a~rN)(Xv Y~) + xUvx~ fM fs( 1 --agFZ~)<XF Y~>] 

Type 2 
16n 2 

L 
[x o 2 o , . v o ~ o v o , / v o  yo)] - -  fo(Xr + "~r urr JX'~r 

Type 3 
167t 2 

L 
-a~: )<x~"  yo> + x ~ x :  - are ) ( X r  Y~> _ _  _avr)(X F y o )  + xOx~ fo  fu(  1 oM o [x~xOfMfo(1  Mo s o:sfo(1 No s 

o o + XOT X~ fo  fN( 1 --a°F~)<Xr Y~>I 
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background, polarization factor, surface roughness and 
placing the data on an absolute scale. Then, the 
least-squares procedure was applied. 

- u (Table 3), As the aim n are combinations of several a,~ 
and we really wish to know the Warren short- 
range-order parameters a,,~,u we next consider which of 

u can be obtained experimentally. these a,,~ 

(ii) Zr(Y)O2_ x [ x ~ =  21.4% ( N =  Y , M =  Zr)andxZro 
=5.35%1 

= x v X F(fM - - f N )  2 + X 1" JO - -  ILM M N 2x o yorE ,~ 1.20• 

[The value of the Laue monotonic scattering for 
Zr(Y)O2_ x is actually smaller by a factor of 24 than 
that for Zr(Ca)O 2_x becausefz¢ ~- fv-] 

(i) Zr(Ca)O2_ x [x N = 15.0% (N = Ca, M = Zr) and 

xrVo= 7.5%] 

(a) Type 1 vectors. The ~tm, are combinations o f a  MN 
and urr-°V°. The diffuse scattering was measured in the 
range 0.146 < sin 0/2 < 0•476• Therefore, the fit.,, can 
be written 

almn ~ 0.947 a ~  + 0.053 ,~OVo 
~ T T  ' 

• - -  M N  (6) 
• . C~lm n ~ a F F ,  

for the present measurements (the values offo,  fzr and 
fca were those at sin 0/2 = 0.311, the center of the 
measured regions). Thus, Ms CtFF can be determined from 
the measured firm,,, because the contribution of ar°r vo to 
~tm, is negligibly small. Also, the Laue monotonic 
scattering /LM g N " ) ' r  0 ~e Vo f 2  = x ~  x , ~ ( f .  - f ~ ) ~  + _ . .  ~ . .  ~ -o ~- 

28.81. 

(b) Type 2 vectors• 

arm, ~- 0.053 ,~OVo (7) ~ T T  ' 

Compared to avFUS for type 1 vectors the contribution of 
aOVo is small and it is difficult to determine it T T  

accurately. 

(a) Type 1 vectors• 

alton = 0"064 amy N + 0•936 @~o 

~OVo 
-- --TT • (9) 

(b) Type 2 vectors. 
"almn "~ 0.936 -rr'~°v° _ C~rr_OVo. (10) 

(c) Type 3 vectors. 

aMVo,., 3 18 -- ( I I )  
F T  - -  • a l m n "  

The CaZr409 phase proposed to cause the diffuse 
scattering by Allpress, Rossell & Scott (1975)involves 
primarily cation ordering on the f.c.c, sublattice, and 

aMS hence we can examine this model with the values of pp 
for Zr(Ca)O2_x. 

It is also worth noting (see Table 4) that the 
displacement terms for type 2 vectors arise only from 
the oxygen ion-oxygen ion interactions. Thus the 
various proposed models for displacements can also be 
examined. 

Results and discussion 

(c) Type 3 vectors. 

a M V  o FT ~ 2"33 arm .. (8) 

Thus, avur vo can be determined from the measured a t ' , .  

02T 02T 2'2T .~2T 

h I I.o I I ~ , } }~A~(FJ/ / / /X . /J / /Y A I .o 

U h  l I 
o, 'q "~ / l h l l  X/I//J//VI///AI [  /ooo I U oo,oov.oo V,.oo 
p.-oo, L/.o. /.o, i/..o. 

002  102 20 2 302 402 

Fig. 2. Measurements were carried out in the region indicated by 
dark lines. The small region with fine shading was measured for 
Zr(Ca)O2_ x, but not for Zr(Y)O2_ x. (The measured intensity in 
the area with coarse shading is shown in Fig. 3.) 

Qualitative features o f  the diffuse scattering 

The observed total diffuse scattering in Laue units 
per atom (i.e. divided by the Laue intensity) for both 
zirconias is shown in Fig. 3. Because the Laue 
monotonic scattering for Zr(Y)Oz_ x is so small 
compared to that for Zr(Ca)OE_x, the intensities shown 
in Fig. 3 are much larger for the Y case than for the 
Ca-stabilized phase. This fact also implies that the 
contribution of local order to the total intensity is small, 
since the total amount of such scattering is the Laue 
monotonic term [IsRo(h)in (1)]. 

The positions of the diffuse peaks are similar for both 
oxides• We consider now the interpretation by Allpress 
& Rossell (1975) that this scattering is due to small 
precipitates. One similar structure is that of CaHfaO 9 
(Allpress, Rossell & Scott, 1975). Its space group is C 
2 / c , a =  17.698 (2),b = 14.500 (1), c = 12.021 (1)A, 
fl = 119.468 (6) °. The proposed relationship to the 
fluorite structure ( f )  is a = [222] s, b = [220]s, c = 
½[J321 s. The unit cell contains 80 cations and 144 
anions• Assuming that this is like the local structure in 
both the oxides studied here, and that all orientations of 
these regions are possible, then b can be parallel to any 
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of the twelve directions in the fluorite form (110),  and 
the observed pattern should be a superposition of all 
such orientations, each with equal probability. The 
calculated I FI 2 values on the (hhO) plane in reciprocal 
space are shown in Fig. 4. In the assumed structure 
(CaHf409) there are displacements of cations from the 
fluorite positions. The values in Fig. 4 in parentheses 
are the calculated intensities without these displace- 
ments. By comparing Figs. 3 and 4 it can be seen that: 
(i) the calculated intensities do not agree well with the 
measurements, for both the Ca- and Y-stabilized 
zirconias; (ii) if there are small precipitates like 

CaHf409, several strong peaks are missing from the 
measurements. Also, at least for Zr(Y)O2_ x, the 
calculated intensities are sensitive to the actual dis- 
placements. 

The structure of the Hf phase is not well established 
as only powder data at modest angles were applied in 
the published analysis, and the R value was poor. JAil- 
press, Rossell & Scott (1975) report a low value, but 
the intensities presented in their paper give R ~_ 0.5.] 
But with the limits of the information available, the 
diffuse scattering does not appear to be due to small 
precipitates like this phase. 

222 

\ 

422 2 

a(2 

, 54 
(a) 200 

\ v  
400 

Fig. 3. Observed total diffuse intensity in Laue units per atom 
[Io(h)/ILM in equation (1)]. Filled circles are fluorite reflections. 
(a) Zr(Ca)O2_x; (b) Zr(Y)O2_x. 

Quantitative results 

(i) Short-range order in Zr(Ca)O2_ x 

(a) Least-squares analysis. The Fttm. from the 
least-squares analyses are shown in Fig. 5. The number 
of terms employed in each fit is indicated in 
parentheses. All weightings were taken as unity. Where 
indicated, the variations in scattering factors in the 
terms in Tables 3 and 4 were taken into account with 
polynomials (see Morinaga, 1978). 

The number of ~t,,, was varied from 6-11 for type 1 
vectors, 6-9 for type 2 and 5-11 for type 3. This range 
was established by examining a calculated partial 
Patterson map for CaZr~O9 and including in the 
least-squares analysis all significant interatomic vec- 
tors. 

CaZr 0 4 9 0 . I l X 1 0 5  

o°&?'°l o oo.,,o  / 
/ 5 ~-o) / 

0.8 p.~llO 5 
o ,7,,o 5 e~o. ~) e o.~5_~_!o | 
• -~- (u.;" ~'j d 

-;o,,.,oO - o W 
(~0)  I 0.01,10 

.L3,, to oo, I 
)0.05 x tO 5 1 I t  

6--0) _ 5 ,-, 0.53~ IC 
(..) 0 .006  ~(I0 U (0.01 

(~0) 0 5 
~ L 3 3 x l O  5 . . . . .  5 ~ ('0 

-~ ( 953 )  ( v,v~,,xtu , 
"0.007x I0 °" ~, ~uj 5 

(-0) 1~ 5 @ 2.26 xlO 
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Fig. 4. Calculated intensities (IFI 2) due to all possible orientations of a precipitate 'CaZr409' in (a) or 'YZr409' in (b). O: fluorite peaks; 
• :  observed diffuse scattering; O : other reflections that should arise from these precipitates. Numbers in parentheses are the calculated 
intensities (x 105) without the atomic displacements in CaHf409. Other numbers include these displacements. 
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Note  in Fig. 5 that  only ~ll~ol and ~l[n001 (for type 1 
vectors) are sensitive to the number  of  paramete rs  
employed in the fit. The others are quite stable. 

(b) Further comparison to the proposed C a Z r 4 0  9 
phase. The ~m, for the model for Z a Z r 4 0  9 suggested 
by Allpress, Rossell & Scott  (1975) were obtained f rom 
a partial  Pa t te rson synthesis (superstructure  reflections 
only). The volumes of  the peaks  are directly related to 
these a ' s  (Koch  & Cohen,  1969). These ~ 's  are shown 
in Fig. 6. While the magnitudes are much larger, the 
pat tern is quite similar to that  in Fig. 5. 

O.IC 

0.05 

C - -  

g 

-O.OE 

-O.IC - - - -  

0.2 

0.1 

C 

-0 .  I 

X Type I 

. . . . . . . . .  . . . . . . . . . . . .  _ 

Type 3 

Fig. 5. Short-range order parameters a i m  n v s  l m n  for Zr(Ca)O2_ x. 
The number of terms of each type in the least-squares fit to the 
intensity is given in parentheses. The R value is the overall fit to 
the measured intensity. 

(1) x:  ffo,~(22), ~(30), 30, ( 3 +  ~) (56)=  110;~0o0 = 1.58, 
R = 15.6%. 

(2) A:~o, ~(17), ~,(24), 30, (3 + ~) (52) = 95; ~000 = 1.54, 
R = 16.2%. 

(3) +: ~o, a(11), ~)(17), 30, (3 + ~) (36) = 66;a0oo = 1.47, 
R = 16.9%. 

(4)0 :  ~0, a(l l) ,  ~,07), 30, (3 + 0 (37) = 67;a0o0 = 1.38, 
R = 16.9%. 

(5) Vl: ~o, ~(17), ~,(17), 30, (3 + k) (36) = 72;h000 = 1.40, 
R = 16.4%. 

(6) V: ao, if(17), ~(17), 30, (3 + ~) (36) = 72;~000 = 1.48; 
R = 16.0%. 

For runs (1)-(4), the short-range-order parameters for type 2 
vectors were not included, but these were included for runs (5) 
and (6). (All the ~lmn < 0" 1 for type 2 vectors.) The difference 
between (5) and (6) is due to the polynomial fit for the ratios 
of scattering factors; for run (5), all ~, ~,, 3 and ~ were so fitted, 
but for run (6) this was done only for the ~'s. A comparison of 
runs (5) and (6) for ~, 3 and ~ does not reveal any significant 
differences. For analyses numbered (1) to (4), this polynomial 
fitting was employed for all coefficients. 

The observed atlllll for type 3 vectors in Fig. 5 is 
significantly large. According  to Table 3, this implies 
that Oi zrV°( !LI'~ Fr ,444, > 0, or [from (4)] that  pzwo < yVo. 

" F T  
Now,  f rom (4), 

XVo(1 _ZWo, pZrVo ( lZa)  
- -  r I F T  ] = - - F T  ' 

x z r ( 1  v°zr' P vozr (12b) 
- -  OgTF ] ~ - - T F  " 

Also, 

and with (12), 

x zr pZWo = X Vo pVoZr 
- -  F T  - -  T F  ' (13) 

ZrVo _ aVoZr (14) 
C~ F T  - -  -" T F  " 

Similarly, with N = Ca,  

a CarD = aVoCa (15) 
F T  ~ ' T F  

and 

XCa( 1 - "rF- VoCal) = --rFPV°Ca . (16) 

Adding (12b) and (16), we get 

x z r  U T  F - V o z r  -t- XFCa t~!/oca..TF = 0. (17) 

Substituting (14) and (15), we find 

xzr 
,~C~Vo _ aZrVo (18) 
" ~ F T  ~ F  a F T  " 

Therefore,  ,pC~VoFT > Xv°" This implies that  there is a 
tendency for C a  2+ ions to be sur rounded by first- 
neighbor oxygen vacancies.  This result is quite different 
from the model by Allpress,  Rossell & Scott  (1975);  
that  model is illustrated in Fig. 7, and in it vacancies  are 
second neighbours  to a Ca  ion (lmn = k i l l 3 ] ) .  This 
near-neighbor pairing of  Ca  z+ and (the effectively 
positive) oxygen vacancies  m a y  arise to reduce the 
strain energy of  the larger Ca  ion, or to achieve local 
charge neutral i ty since C a  z+ replaces Zr  4+. 

To obtain more  information about  the chemical  
a r rangements  associated with the local order,  computer  

I I I I I I I 
0 . 5 0  - -  ORDERED PHASE - -  

C a Z r  4 0 9  

0.25 -- ~ J ~  

-0.25 -- 

-0.50 -- 

i I I I I I I 
I/4E220"] I/4E4°~ i/4[422] 1/414403 v4~203 '/4~44-]t/4~42] 

Imn 

Fig. 6. ~tm. for CaZr409 calculated from a partial Patterson 
synthesis of the model suggested by Allpress, Rossell & Scott 
(1975). 
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simulations were carried out, employing the method of 
Gehlen & Cohen, as modifed by Gragg (see Gragg, 
Bardhan & Cohen, 1971). There were 32 000 cations in 
the model, 20 x 20 x 20 f.c.c, cells, with periodic 
boundary conditions. Beginning with a near-random 
configuration for which at = 0 for i = 1-6 type 1 
vectors to within 1%, the local order was adjusted by 
the program to satisfy the measured a t, i = 2-6 to 
within 2% for type 1 vectors. From (6), these a's relate 
to the interaction between Zr 4+ and Ca ~+. The resultant 
structure was then examined on (1 i0)-type planes. On 
these planes through the ZrCa409  phase_,_Ca ~+ ions are 
predominantly aligned along traces of [332] directions. 
The short-range order in the fluorite phase clearly 
manifests itself with more alignments like this than in 
the random arrangement; compare the circled regions 
in Figs. 8(a) and (b). 

confirmation of the finding in part I, with the Bragg 
peaks, that such oxygen-ion displacements are present 
in the fluorite phase prior to transformation, not the 
(111)-type displacements suggested by Carter & Roth 
(1963, 1968). As a further test, we note that for 
( l l l ) - t y p e  displacements IAXI = IAYI = IAZI.  
Therefore, I ( A X A X ) I  = I ( A Y A Y ) I  = I ( A Z A Z ) I .  
This implies that I~001 = I~001 = It~00 I, assuming 
that the oxygen-ion displacements are the dominant 
terms. The ratios I -y -x &n00/fino01 are given in Table 5. It is 
clear that the Carter & Roth model does not fit the 
data. On the other hand, the (100)  displacements 
found by Faber, Mueller & Cooper (1978) for the 
ordered phase are illustrated in Fig. 12. These result in 
certain conditions for the fi's which are presented in 
Table 6, and it is clear that these relations are observed 
from the diffuse scattering in the disordered crystals. 

(c) Synthesis o f  the intensity. The various compo- 
nents of the intensity in (1) are presented in Fig. 9, 
synthesized from the least-squares result. Comparing 
the total, Fig. 9(d), with the total of the size-effect terms 
alone we find that ~70% of the intensity is due to 
atomic displacements, 30% due to short-range order. 

(ii) Displacements in Zr(Y)OE_x and Zr(Ca)OE_x 
For Zr(Y)O2_ x, the ~z,,, could not be determined. 

The observed diffuse intensity in Laue units is so large 
that most of it must be due to size effect, certainly 
much more so than for Zr(Ca)O2_ x, where these 
contributions are already dominant. 

The intensities for the Y-stabilized zirconia were 
therefore analyzed assuming all 8t,~, -- 0. The syn- 
thesized intensities are compared to the measured 
values in Fig. 10. In Fig. 11 the various coefficients of 
the displacement terms (},, ~, k) are given for both 
oxides. The changes with lmn are quite similar, except 
for ~, type 1 vectors. Note that ~ and ~x for lmn = 
¼[200], ¼[400] and ¼[600] are high. These coefficients 
are related to (100)-type displacements; this result is 

C' / 
Y = l / l  6 ~ ~ ~ , . ~  

o 

© o  
• Co 
13 Voconcy of 0 

Fig. 7. Section o£ a model of CaZr409 based on the structure of 
CaI-[£409 (Allpress, RosseU & Scott, 1975). 
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Fig. 8. Computer simul~ions of the local order in Zro.ssCa0.~sOi.8~, 
(1 In section. (a) a~ = 0, i = 1-6 type 1 vectors, to within 1%. (b) 

~r i = 2-6 type 1 vectors, which are the average of those 
Fig. 5.1 = C a  2+ ions; 0 = Zr 4+ ions. 
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Since the type 2 vectors involve only the oxygen-ion 
displacements (Table 4) it is not necessary to assume 
that the cations are displaced only small amounts in 
examining the data for these vectors. The fact that the 
predictions are born out for type 1 vectors as well, does 
imply that the cations are displaced very little, as was 
also found in part I from an analysis of the Bragg 
peaks. 

Table 5. Measured ratios of l6~oo/6XhOO I 

The ranges given include the ranges of  the least-square solutions. 

I - y  - x  - y  - x  - y  - x  
~}12001/t~}[20011 I ~14001/~)140011 I t~)16001/~140011 

Zr(Ca)O~_x 0.2 ~ 1.2 0.3 ~ 1.6 0.2 ~ 0.6 

Zr(Y)O2-x 0.1 0.1 0.03 

222,dTFED D 

~---JY// ~-.vlF 

206 D D DCBA 

(a) (b) (c) 
G G F D  

222 I H F  D E  2 2 2 _ I H F E D  D 222_GEC ~ 8 

! H 

2 ~ D C B A  O D 200"DCB'A B 2 ~  BA 

(d) (e) ( f )  

Fig. 9. Components  of the diffuse intensity from Zr(Ca)O2_ x (in 
Laue units per atom). Intensity synthesized from the average of  
the least-squares results. (Filled circles are fluorite reflections.) 
(a) /sgo. Level A -- - 0 . 1 6 ,  interval -- 0.31. (b) First-order 
size-effect scattering [ ~ h t QJ in equation (1)]. Level A -- - 1.22, 
interval -- 0.25. (c) TDS + Huang scattering [last six terms in 
equation (1)]. Level A -- - 0 - 5 0 ,  interval -- 0.48. (d) Total 
size-effect scattering, the sum of  (b) and (c). Level A = - 0 - 3 8 ,  
interval = 0.47. (e) Total synthesized intensity. Level A = 0.50, 
interval - 0-68. ( f )  Measured intensity. Level A =- 1-265, 
interval = 1.13. 

Table 6. Conditions for the model of  Faber, Mueller & 
Cooper (1978) and comparison with experimental 

results 

Vector Vector in Followed in 
type Fig. 12 Conditions data? 

Type 2 1 ~2001 ---- t~&Zl002l ---- < A Z . 4 Z  >]10021 > 0 yes 

2 -r -, -g 6}12001 -- 6}[2001 = ~10201 = 6}10201 < 0 yes 

Type 1 3 ~12201 > 0 yes 

4 ~ 4 0 0 1  = ~ 0 0 4 1  = < z t Z A Z ) j t I 0 0 4 1  > 0 yes 
5 -Y -z  - x  -z  

di~14001 = 6114001 = 6~i0401 = 6tlo401 > 0 n o  

Type 2 6 ~]xl6001 = ~}Zlo061 = <AZAZ>}IO061 > 0 yes 
7 "Y -= -x -= 6}16ooi = di~16001 = 6}10601 = 6}10601 < 0 depends on 

particular 
least-squares 
solution 

222 ~ C D 

C 

(a) 
222 ~d  I HGF'E 

!! 
2001 

(c) 

2 0 O r  . I I 

(b) 

(d) 

Fig. I0. Components  of the diffuse intensity (in Laue units per 
atom) from Zr(Y)O2_ x synthesized from the least-squares result. 
(a) First-order size-effect scattering. Level A = - 3 3 . 7 4 ,  interval 
= 11.28. (b) TDS + Huang scattering. Level A = 27.36, interval 
= 28.19. (c) (a) + (b); level A = 2.85, interval = 30-77. (d) 
Measured intensity. Level A = 17.10, interval = 17.99. For  the 
least-squares results (with 17 6 terms, 6n and 36 other (6 + ~) 
terms) R = 0-20. 
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The results also suggest that the regions with (100) 
displacements are quite small. The magnitudes of the 
y's, for example, decrease quickly with increasing lmn, 
whereas in the ordered phase these have a periodicity of 
one fluorite cell. Furthermore, Y~2001 should be zero if 

the displacements are identical to those below 1300 K 
as these vectors span the nodes of the oxygen 
displacement waves. As this is not the case, displace- 
ments are much less correlated in the disordered phase. 

ITYPE- I I I 1 I I ITYPE 2 I I I I I 

2 - -- 

I 
?x jD 

,/)mn 0 

- 2 - -  - -  - -  

I I 1 I I I . I I I I I I 

2 - -  -- --  

_ ×  I - -  - -  - -  

- I - -  - -  - 

I I i I I I , I I I I I I 

2 - -  

-I -- -- - 

I I I I I I I I I I I 
r/,~o] I v4B,~] I ~,t)2ol ~ ,/,j) too i ,,,~2o3~ ,/<~]x 
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Fig. 11. Coefficients of the displacement terms in equation (1): (a) 
Zr(Y)O2_x; (b) Zr(Ca)O2_x. Results for (b) are averages of all 
the least-squares runs. (The range of values is the size of the 
circle, or less.) Only one analysis was made for (a). 

Summary 

The complementary measurements of absolute X-ray 
diffuse scattering from disordered Zr(Ca)O2_ x and 
Zr(Y)O2_ x have produced a number of significant 
results. We have seen that oxygen-ion displacements 
occur preferentially along (100~ directions in the 
fluorite lattice, but without long-range correlation. 
Displacement terms in the diffuse scattering, which 
tend to dominate in the scattering measurements, are 
similar for both materials, and clearly show that elastic 
energy is minimized by anion lattice relaxation around 
the oxygen vacancies (also see part I and Faber, 
Mueller & Cooper, 1978). Our experiments show that 
oxygen vacancies tend to associate with Ca 2÷ ions, i.e. 
Ca2+-vacancy interactions are predominantly nearest- 
neighbor interactions. While this has often been 
suggested to interpret measurements of physical pro- 
perties, this is the first experimental evidence for this. 
The short-range-order scattering shows features that 
have some resemblance to those of CaHf40 9. But 
several strong peaks predicted for this model are not 
observed. The spatial extent of ordered regions is much 
smaller than that proposed by Allpress & Rossell 
(1975) and Allpress, Rossell & Scott (1975). Further 
experiments on the precise structure of CaZraO 9 are 
needed to see if the ordered regions really resemble 
such a phase. 

We are grateful to T. H. Etsell for lending us the 
crystals used in this study [which were not from the 
same batch used by Faber, Mueller & Cooper (1978)]. 
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Fig. 12. Oxygen displacements in the model of the ordered 

stabilized zirconias (Faber, Mueller & Cooper, 1978). (A and B 
correspond to tet 1 and 2 in Table 1.) The numbers in the figure 
refer to the vectors in Table 6. 
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Theory of Piezo-Optic Birefringenee in Mixed Crystals of Equimolar Concentration 
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Abstract 

Following the theoretical approach of Bansigir & 
Iyengar [Acta Cryst. (1961), 14, 670-674],  an 
expression for PH -P~2 is developed for a mixed crystal 
of KC1-KBr with equimolar concentration. It was 
assumed that among the six nearest neighbours of the 
K + ion, three are CI- and the other three Br-, and that 
each K + is accompanied by C1- and Br- on either side 

0567-7394/80/040530-06501.00 

in all three principal directions. The expression p~ 1 -- P12 
is used to evaluate the polarizabilities, reversal wave- 
length, ratio and absolute values of strain-optical 
constants p ~1 and Pn .  

Introduction 

Some years ago, an improved theory of piezo-optic 
birefringence in cubic crystals of NaC1 structure was 
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